TWISTING TYPE N VACUUMS WITH COSMOLOGICAL 

CONSTANT 



DEDICATED TO THE MEMORY OF JERZY F PLEBANSKI 



PAWEL NUROWSKI 



Abstract. We provide the first examples of vacuum metrics with cosmolog 
ical constant which have a twisting quadruple principal null direction. 

MSG classification: 83C15, 83C20, 83C30, 83F05 



In a joint paper with Jerzy F Plebanski [TO], among other things, we provided a 
maximally reduced system of vacuum Einstein equations 

Ric{g) = Ag 

for twisting type N spacetimes (see [13], Ch. 29, for a definition). After writing 
down the reduced equations we concluded the first section of |10] with a remark 
that it is very difficult to find a single solution to the presented equations when 
A^O. 

Actually the problem of finding twisting type N vacuums, with the cosmological 
constant A = or not, is one of the hardest in the theory of algebraically special 
solutions. If A = 0, the only explicit solution is that of Hauser [3]. It is explicit in 
the sense that it can be expressed in terms of hypergeometric functions. Very few 
other twisting type N vacuums with A = are known. Unlike Hauser's solution 
they are not that expHcit anymore. At best they may be expressed in terms of a 
quite complicated nonlinear ODE of the third order [U El HI [H] ■ 

The main difficulty with twisting type N vacuums with A = is that the equa- 
tions are strongly overdetermined, and it is very difficult to guess an ansatz which 
will not lead to the Minkowski metric as the only solution. 

Having all this in mind we present the following metric: 
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(0.1) g 



s^y"^ cos^d) 

{^{dx^ + dy^) + [dx + y^du)[ydr + \y^ cosrdu + (2 + | cosr)da:: + 2sinrd?/) 

Here {x,y,u,r), with ranges — oo < x,u < oo, < |y| < oo, |r| < tt, are coordinates 
of the spacetime described by g; the quantity s is a real nonzero constant, which 
we regard as a free parameter. 
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A short calculatiorQ leads to the following remarkable 
Proposition 0.1. The metric IIO.I]} satisfies the vacuum Einstein's equations 

Ric{g) = -s^g 

with a negative cosmological constant A = — s^. 

The metric is of Petrov type N. In an apropriate null co frame its only nonvanishing 
Weyl spinor coefficient is 

14 w q r 

*4 = ^e"~ cos^ -, with *o = *i = = *3 = 0. 

5 y 2 

The vector field k = dr is tangent to a twisting congruence of null and shearfree 
geodesies, which is alligned with the quadruple principal null direction of the Weyl 
tensor for g. 

Thus the metric l|0.ip provides an example of a twisting type N Einstein metric 
with negative cosmological constant; an example that we were missing when writing 
the joint paper [lO] with Plebahski. 

The following remarks are in order: 

Remark 0.2. The twisting congruence of shearfree and null goedesics tangent to the 
vector field k = dr of Proposition lO. ll corresponds to a quite nontrivial 3-dimensional 
CR structure [5]. This is not CR equivalent, even locally, to the Heisenberg group 
CR structure [5], which is the underlying CR structure of the Hauser solution |12j . 
This implies that the solution l|0.ip does not lead to a Hauser metric by means 
of any kind of Hmitting procedure, such as for example A ^ 0. It is quite ironic 
that it is the same CR structure that was used in [10], Section 5, to construct an 
example of a metric which satisfies the Bach equations and which is not conformal 
to an Einstein metric. 

Remark 0.3. The metric (|0.ip is not accidental. It appears as one of the simplest 
examples in our recent formulation of the twisting vacuum Einstein equations with 
cosmological constant [5]. In [5] we generalized our earlier results [U on 4- 
dimensional Lorentzian spacetimes (A^ , g) satisfying the Einstein equations i?^^ = 
^k^k^, with k^ being a vector field tangent to a twisting congruence of null and 
shearfree geodesies, to the case of a nonvanishing cosmological constant A. We 
proved that the metric g of a spacetime {M , g) satisfying 

(0.2) i?^^ = A.g^^ + <^k^ky, 

with k as above, factorizes as 

(0.3) g = n-^, n = cos(§), 

where g is periodic in terms of the null cooordinate r along k ^ dr. We further 
showed that if g satisfies l|0.2p . then is a circle bundle §^ ^ A4 ^ M over a 
3-dimensional strictly pseudoconvex CR manifold (M, [(A,/^)]), and that 

(0.4) g / [fifl + A(dr + Wti + Wfl + HX)] , 

with 

(0.5) W = lac-"- + &, H = ^c^'"- + + ge*'' + ge"''' + h. 



Nowadays this can be done by a symbolic computer calculation package! 
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Here A (real) and fi (complex) are 1-forms on M such that kj A = fcj = 0, 
fcj dA = fcj d/i = 0, A A /i A /i 7^ and, the functions a, 6, n, q (complex) and p, h 
(real), all of which are independent of r, satisfy 

a = c + 2d\ogp 
b ~ ic+2idlogp 

(0.6) , = ^ + Iap' + ^^^^^ ' y + ^^^^ ~ '^do logp - Be 

h ^ 3^ + 2Kp^ + '^^^^ - ^ + ^Bc- d-c. 

Here the r-independent complex function c is defined via 

= 0, dp, ~ 0, 

(0.7) dA = ifi A p,+ {cfi + cp) A A, 

and the operators [Oq, d, B) are vector fields on M , which are algebraic dual to the 
coframe {\,iJL,p) on the CR manifold M. The only unknowns, n and p satisfy the 
following system of PDEs on M : 

(0.8) Bn + 3cn = 0, 

(0.9) [BB + BB + ca + cB + \cc+ l{Bc + Be) ]p= !^^ + |Ap3. 

Note that the above functions a, h, c, h, n,p, q define a vacuum metric g via IjO.Sp iff, 
in addition to equations (|0.8p - (|0.9p . the functions n and p satisfy also the equation 
(f> = 0. This is quite nasty nonlinear PDE relating n,p and c. 



In this context our solution (|0.ip is very simple. It is given by: 

22/-* , , dec . , , 2i 

\=—-{du^ — t), a = dx + idy, c= , 

3 y-i y 



0, P=^, s' = -A, 

2sy 



as can be easily checked by a direct calculation using definitions l|0.3p - (|0.7p . It 
is a miracle that in addition to the pure radiation Einstein equations (|0.8p - l|0.9p . 
this solution satisfies the vaccum condition $ = 0, and simultaneously the type N 
conditions vI/q = ^'i = ^'2 = ^'a = 0, ^'4 7^ 0. This shows that the formulation of 
the twisting Einstein equations described in O [TJ [9] has an unexplored power. 



Remark 0.4. Actually the solution (|0.ip is only the simplest one from a larger class 
of twisting type N vacuums with cosmological constant contained in (|0.3p - l|0.9p . 
These solutions are obtained by taking 

(0.10) X = --^(du + f{y)dx), ^i = dx + idy, - - 



/'(2/)V ■ ■'^-W - ■ ^' 2/'(y)' 

n = 0, p = p{y)^ 

with real functions / = f{y) andp = p{y). With this choice the twisting type N vac- 
uum Einstein equations with cosmological constant are equivalent to the following 
system of two 3rd order ODEs: 

(0.11) Ipff" + -ip'f'f" - spf' - :ip"f + 4ApV'' = 0, 
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3pf'{3f''p"' + 2/"(V/" - 5/V')) + i.f''p'(5f'p" Up'f") - Up"!"' = 

w2Ap^r\pr -2p'n. 

It can be checked by direct calculation that every solution p = p{y), / = f{y) of 
these two equations, after being inserted into l|0.10p and (|0.3p - (|0.6p . gives a metric 
g, which satisfies Einstein's vacuum equations Ric{g) = Ag and is of Petrov type 
N, having k = dr tangent to a twisting congruence of null geodesies. The only 
nonvanishing Weyl spin coefficient for these metrics is 

*4 = -^^^^^ A (SA//'^ + 27 f"p" + Up'f" + Spf'if'p" Wn) ■ 

Equations l|0.1ip admit nontrivial solutions. The simplest of them leads to our 
metric (|0.ip . Note that if A 0, then also the Weyl coefficient 5*4 ^ 0. Hence the 
metric g becomes ffat. This shows that none of the solutions (jO.lip can be obtained 
as a A-deformation of the Hauser solution. 

Remark 0.5. Since, as discused in [6], every metric l|0.3p - (|0.9p is relevant for Pen- 
rose's 'before the big bang' argument [H], the type N metrics corresponding to 
solutions of (jO.lip constitute a nice set of explicit examples in which Penrose's 
ideas can be tested. 
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